
Supervised Learning

Introduction to Machine Learning – GIF-7015

Professor: Christian Gagné

Week 1



Learn from examples

• Let’s suppose a class corresponding to the concept of family car

• Two-class problem

• Positive (red circles): is a family car

• Negative (blue squares): is not a family car

• Examples representation in two dimensions

• x1: car price

• x2: engine power
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Learn from examples

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

• Examples:

x =

[
x1
x2

]
• Class labels:

r =

{
1 if x is positive

0 if x is negative

• Dataset of N examples:

X = {xt ,r t}Nt=1
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Classification hypothesis

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

(xmin
1 ,xmin

2 )
<latexit sha1_base64="aKNcHV+yiL3fwNSPx3KlRkFv/uY=">AAACJHicbZDLSsNAFIYn9VbrLerChZtgESpISaqgy4IblxXsBdoYJtNJO3QuYWYiLSFPI7jSN3EnLtz4GK6dtlnY6g8DH/85hzPnD2NKlHbdT6uwsrq2vlHcLG1t7+zu2fsHLSUSiXATCSpkJ4QKU8JxUxNNcSeWGLKQ4nY4upnW249YKiL4vZ7E2GdwwElEENTGCuyjyjjwHtIeIzw7Hwe1HM8Cu+xW3Zmcv+DlUAa5GoH93esLlDDMNaJQqa7nxtpPodQEUZyVeonCMUQjOMBdgxwyrPx0dkDmnBqn70RCmse1M3N/T6SQKTVhoelkUA/Vcm1q/lfrJjq69lPC40RjjuaLooQ6WjjTNJw+kRhpOjEAkSTmrw4aQgmRNpktbCFIMAYX7khDlpVMUN5yLH+hVat6F9Xa3WW5XskjK4JjcAIqwANXoA5uQQM0AQIZeAIv4NV6tt6sd+tj3lqw8plDsCDr6wfyEaUA</latexit>

(xmax
1 ,xmax

2 )
<latexit sha1_base64="wzBrII8ROypDBFoJo4I530/6UI8=">AAACJHicbZDLSsNAFIYn9VbrLerChZtgESpISaqgy4IblxXsBdoYJtNJO3QuYWYiLSFPI7jSN3EnLtz4GK6dtlnY6g8DH/85hzPnD2NKlHbdT6uwsrq2vlHcLG1t7+zu2fsHLSUSiXATCSpkJ4QKU8JxUxNNcSeWGLKQ4nY4upnW249YKiL4vZ7E2GdwwElEENTGCuyjyjjwHtIeg+PsfBzUcjwL7LJbdWdy/oKXQxnkagT2d68vUMIw14hCpbqeG2s/hVITRHFW6iUKxxCN4AB3DXLIsPLT2QGZc2qcvhMJaR7Xzsz9PZFCptSEhaaTQT1Uy7Wp+V+tm+jo2k8JjxONOZovihLqaOFM03D6RGKk6cQARJKYvzpoCCVE2mS2sIUgwRhcuCMNWVYyQXnLsfyFVq3qXVRrd5fleiWPrAiOwQmoAA9cgTq4BQ3QBAhk4Am8gFfr2Xqz3q2PeWvBymcOwYKsrx/4v6UE</latexit> • Possible hypothesis:

(xmin
1 ≤ x1 ≤ xmax

1 ) and (xmin
2 ≤ x2 ≤ xmax

2 )
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Hypothesis classes

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

(xmin
1 ,xmin

2 )
<latexit sha1_base64="aKNcHV+yiL3fwNSPx3KlRkFv/uY=">AAACJHicbZDLSsNAFIYn9VbrLerChZtgESpISaqgy4IblxXsBdoYJtNJO3QuYWYiLSFPI7jSN3EnLtz4GK6dtlnY6g8DH/85hzPnD2NKlHbdT6uwsrq2vlHcLG1t7+zu2fsHLSUSiXATCSpkJ4QKU8JxUxNNcSeWGLKQ4nY4upnW249YKiL4vZ7E2GdwwElEENTGCuyjyjjwHtIeIzw7Hwe1HM8Cu+xW3Zmcv+DlUAa5GoH93esLlDDMNaJQqa7nxtpPodQEUZyVeonCMUQjOMBdgxwyrPx0dkDmnBqn70RCmse1M3N/T6SQKTVhoelkUA/Vcm1q/lfrJjq69lPC40RjjuaLooQ6WjjTNJw+kRhpOjEAkSTmrw4aQgmRNpktbCFIMAYX7khDlpVMUN5yLH+hVat6F9Xa3WW5XskjK4JjcAIqwANXoA5uQQM0AQIZeAIv4NV6tt6sd+tj3lqw8plDsCDr6wfyEaUA</latexit>

(xmax
1 ,xmax

2 )
<latexit sha1_base64="wzBrII8ROypDBFoJo4I530/6UI8=">AAACJHicbZDLSsNAFIYn9VbrLerChZtgESpISaqgy4IblxXsBdoYJtNJO3QuYWYiLSFPI7jSN3EnLtz4GK6dtlnY6g8DH/85hzPnD2NKlHbdT6uwsrq2vlHcLG1t7+zu2fsHLSUSiXATCSpkJ4QKU8JxUxNNcSeWGLKQ4nY4upnW249YKiL4vZ7E2GdwwElEENTGCuyjyjjwHtIeg+PsfBzUcjwL7LJbdWdy/oKXQxnkagT2d68vUMIw14hCpbqeG2s/hVITRHFW6iUKxxCN4AB3DXLIsPLT2QGZc2qcvhMJaR7Xzsz9PZFCptSEhaaTQT1Uy7Wp+V+tm+jo2k8JjxONOZovihLqaOFM03D6RGKk6cQARJKYvzpoCCVE2mS2sIUgwRhcuCMNWVYyQXnLsfyFVq3qXVRrd5fleiWPrAiOwQmoAA9cgTq4BQ3QBAhk4Am8gFfr2Xqz3q2PeWvBymcOwYKsrx/4v6UE</latexit>

• Particular hypothesis: h ∈ H

h(x) =


1 if h classifies x

as positive

0 if h classifies x

as negative

• Empirical error:

E (h|X ) =
1

N

N∑
t=1

L(h(xt),r t)

• 0-1 loss function:

L(a,b) =

{
1 if a 6= b

0 if a = b
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General and specific hypothesis

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

S
G

• G : most general hypothesis

• S : most specific hypothesis

• Hypothesis in H between S and G are part of

the version space
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Model’s complexity and noise

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

h1
<latexit sha1_base64="v4f4skDkUaz8RbztwOiWorjaWRk=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWNE84BkCbOT2WTIPJaZWSEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHCmbG+/+2trW9sbm0Xdoq7e/sHh6Wj46ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1O/dYT1YYp+WjHCQ0FHkgWM4Ktkx6GvaBXKvsVfwa0SoKclCFHvVf66fYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdRyUW1ITZ7NQJOndKH8VKu5IWzdS/ExkWxoxF5DoFtkOz7E3F/7xOauObMGMySS2VZL4oTjmyCk3/Rn2mKbF87AgmmrlbERlijYl16SxsYUQJgRf+yCIxKbqgguVYVkmzWgkuK9X7q3LNzyMrwCmcwQUEcA01uIM6NIDAAJ7hFd68F+/d+/A+561rXj5zAgvwvn4Bxn+cjQ==</latexit>

h2
<latexit sha1_base64="smzwmIbQLk0MDFPdNRU4wAhEyr4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWNE84BkCbOT2WTIPJaZWSEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHCmbG+/+2trW9sbm0Xdoq7e/sHh6Wj46ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1O/dYT1YYp+WjHCQ0FHkgWM4Ktkx6GvWqvVPYr/gxolQQ5KUOOeq/00+0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2akTdO6UPoqVdiUtmql/JzIsjBmLyHUKbIdm2ZuK/3md1MY3YcZkkloqyXxRnHJkFZr+jfpMU2L52BFMNHO3IjLEGhPr0lnYwogSAi/8kUViUnRBBcuxrJJmtRJcVqr3V+Wan0dWgFM4gwsI4BpqcAd1aACBATzDK7x5L9679+F9zlvXvHzmBBbgff0CyCecjg==</latexit>

• Noise within the data

• Lack of accuracy

• Labelling errors

• Latent measurements

• When the performances are equal, always

prefer the simplest model

• Complexity: easier to use and to train

• Interpretability: easier to demonstrate

• Plausibility: Ockham’s razor
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Multiclass problems

x1
<latexit sha1_base64="cbI9X3ndtoOtvNNC2BGRIFTPSOY=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4jmgckS5idTJIh81hmZsWw5BMET/on3sSrv+CPeHaS7MEkFjQUVd10d0UxZ8b6/reXW1vf2NzKbxd2dvf2D4qHRw2jEk1onSiudCvChnImad0yy2kr1hSLiNNmNLqZ+s1Hqg1T8sGOYxoKPJCszwi2Trp/6gbdYskv+zOgVRJkpAQZat3iT6enSCKotIRjY9qBH9swxdoywumk0EkMjTEZ4QFtOyqxoCZMZ6dO0JlTeqivtCtp0Uz9O5FiYcxYRK5TYDs0y95U/M9rJ7Z/HaZMxomlkswX9ROOrELTv1GPaUosHzuCiWbuVkSGWGNiXToLWxhRQuCFP9JITAouqGA5llXSqJSDi3Ll7rJUrWSR5eEETuEcAriCKtxCDepAYADP8Apv3ov37n14n/PWnJfNHMMCvK9f4bmcnw==</latexit>

x2
<latexit sha1_base64="xC4KbcnO7CnrFAJdzNOpJYV96Ls=">AAACDnicbVDLSgNBEOyNrxhfUY9eBoPgKeyugh4DXjxGNA9IljA7mU2GzMwuM7NiWPIJgif9E2/i1V/wRzw7SfZgEgsaiqpuurvChDNtXPfbKaytb2xuFbdLO7t7+wflw6OmjlNFaIPEPFbtEGvKmaQNwwyn7URRLEJOW+HoZuq3HqnSLJYPZpzQQOCBZBEj2Fjp/qnn98oVt+rOgFaJl5MK5Kj3yj/dfkxSQaUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSiQXVQTY7dYLOrNJHUaxsSYNm6t+JDAutxyK0nQKboV72puJ/Xic10XWQMZmkhkoyXxSlHJkYTf9GfaYoMXxsCSaK2VsRGWKFibHpLGxhJBYCL/yRhWJSskF5y7GskqZf9S6q/t1lpebnkRXhBE7hHDy4ghrcQh0aQGAAz/AKb86L8+58OJ/z1oKTzxzDApyvX+NhnKA=</latexit>

?

h1
<latexit sha1_base64="v4f4skDkUaz8RbztwOiWorjaWRk=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWNE84BkCbOT2WTIPJaZWSEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHCmbG+/+2trW9sbm0Xdoq7e/sHh6Wj46ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1O/dYT1YYp+WjHCQ0FHkgWM4Ktkx6GvaBXKvsVfwa0SoKclCFHvVf66fYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdRyUW1ITZ7NQJOndKH8VKu5IWzdS/ExkWxoxF5DoFtkOz7E3F/7xOauObMGMySS2VZL4oTjmyCk3/Rn2mKbF87AgmmrlbERlijYl16SxsYUQJgRf+yCIxKbqgguVYVkmzWgkuK9X7q3LNzyMrwCmcwQUEcA01uIM6NIDAAJ7hFd68F+/d+/A+561rXj5zAgvwvn4Bxn+cjQ==</latexit>

h2
<latexit sha1_base64="smzwmIbQLk0MDFPdNRU4wAhEyr4=">AAACDnicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWNE84BkCbOT2WTIPJaZWSEs+QTBk/6JN/HqL/gjnp0kezCJBQ1FVTfdXVHCmbG+/+2trW9sbm0Xdoq7e/sHh6Wj46ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1O/dYT1YYp+WjHCQ0FHkgWM4Ktkx6GvWqvVPYr/gxolQQ5KUOOeq/00+0rkgoqLeHYmE7gJzbMsLaMcDopdlNDE0xGeEA7jkosqAmz2akTdO6UPoqVdiUtmql/JzIsjBmLyHUKbIdm2ZuK/3md1MY3YcZkkloqyXxRnHJkFZr+jfpMU2L52BFMNHO3IjLEGhPr0lnYwogSAi/8kUViUnRBBcuxrJJmtRJcVqr3V+Wan0dWgFM4gwsI4BpqcAd1aACBATzDK7x5L9679+F9zlvXvHzmBBbgff0CyCecjg==</latexit>

h3
<latexit sha1_base64="JIFb1r8VwiN8wCP94USxfXsNrAk=">AAACDnicbVDJSgNBEK2JW4xb1KOXxiB4CjOJoMeAF48RzQLJEHo6PUmTXobuHiEM+QTBk/6JN/HqL/gjnu0sB5P4oODxXhVV9aKEM2N9/9vLbWxube/kdwt7+weHR8Xjk6ZRqSa0QRRXuh1hQzmTtGGZ5bSdaIpFxGkrGt1O/dYT1YYp+WjHCQ0FHkgWM4Ktkx6GvWqvWPLL/gxonQQLUoIF6r3iT7evSCqotIRjYzqBn9gww9oywumk0E0NTTAZ4QHtOCqxoCbMZqdO0IVT+ihW2pW0aKb+nciwMGYsItcpsB2aVW8q/ud1UhvfhBmTSWqpJPNFccqRVWj6N+ozTYnlY0cw0czdisgQa0ysS2dpCyNKCLz0RxaJScEFFazGsk6alXJQLVfur0o1fxFZHs7gHC4hgGuowR3UoQEEBvAMr/DmvXjv3of3OW/NeYuZU1iC9/ULyc+cjw==</latexit> ?

• Dataset of K classes:

X = {xt ,rt}Nt=1

• Labels of K dimensions:

rt =
[
r t1 r t2 . . . r tK

]
r ti =

{
1 if xt ∈ Ci

0 if xt ∈ Cj , j 6= i

• K hypothesis to train:

hi , i = 1, . . . ,K

hi (xt) =

{
1 if xt ∈ Ci

0 if xt ∈ Cj , j 6= i
7



Regression

• Dataset:

X = {xt ,r t}Nt=1, r
t ∈ R

• We are looking for a function h(·):

r t = h(xt) + ε

• And we want to minimize the quadratic error:

E (h|X ) =
1

N

N∑
t=1

(
r t − h(xt)

)2

8



Regression
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1st order Polynomial
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2nd order Polynomial
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Overfitting...

4th order Polynomial

• 1st order with a variable:

h(x) = w1x + w0

• Solution based on partial derivatives on

the empirical error

• On the figure, solutions with 1st, 2nd

and 4th order polynomials

• 4th order is “almost perfect”, but

doesn’t generalize well

• 2nd order captures data better

than the 1st
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Model selection

• Supervised learning is an ill-posed problem

• The examples are not enough for a unique solution

• We must have an inductive bias, by making assumptions about H
• First objective: generalization

• Get the model that performs the best on new data

• Overfit: H is more complex than the modelled concept

• Underfit: H is less complex than the modelled concept

10



Factors influencing learning

• Reminder: the objective is to minimize the generalization error on new, unseen,

examples

• 1st factor: complexity of the hypothesis class

• If the hypothesis complexity increases, then the generalization error decreases for a

while and increases right after

• 2nd factor: size of the training dataset

• The more data we have, the more the generalization error decreases

11



Regularization

• Regularization: introduce a penalty function in the optimized function in order to
minimize complexity

• Ockham’s razor: all other things being equal, the simplest solutions are the most

likely

• Current form: J(h) = E (h|X ) + λC (h)

• λ: relative weighting between the empirical error E (h|X ) and the complexity C (h)

of the function

• Examples of complexity measures used for regularization

• Quantity of used parameters (non-null parameter values)

• L2 magnitude of parameter values

• Vapnik-Chervonenkis dimension

• Degree of the polynomial for polynomial regression

12



Empirical validation

• In order to estimate the generalization error, we must use data that are unseen

during training
• Classical approach, split the dataset

• Training (50%) / validation (25%) / test (25%)

• The procedure
1. Compute the function on the training set

2. Evaluate the generalization error of these functions on the validation set, return the

one that minimizes it

3. Evaluate the final performance of the function on the test set as a basis for

comparison

• If we only have few data, there are other existing solutions
• Split the initial dataset into M distinct folds

• Use M − 1 folds as training data and the remaining fold as validation data

• Repeat this experiment M times, with all the different combinations

• Extreme case: M is equal to N (leave-one-out) 13



Three dimensions of supervised learning

• Representation

• Parametric hypothesis: h(x|θ)

• Instances, hyperplanes, decision trees, set of rules, neural nets, graphical models, etc.

• Evaluation

• Empirical error: E (θ|X ) = 1
N

∑N
t=1 L(r t ,h(xt |θ))

• Recognition rate, precision, recall, quadratic error, likelihood, posterior probability,

information gain, margin, cost, etc.

• Optimization

• Procedure: θ∗ = argmin∀θ E (θ|X )

• Gradient descent, quadratic programming, heuristic, etc.
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